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Abstract
Rastall gravity theory shows notable features consistent
with physical observations in comparison to the standard
Einstein theory. Recently, there has been a debate about
the equivalence of Rastall gravity and general relativity.
Motivated by this open issue, in the present work, we at-
tempt to shed some light on this debate by analyzing the
evolution of the Rastall based cosmological model at the
background as well as perturbation level. Employing the
dynamical system techniques, we found that at late times,
the dynamics of the model resembles the ΛCDM model at
the background level irrespective of the choice of Rastall’s
parameter. However, at the perturbation level, we found
that the evolution of the growth index heavily depends on
the Rastall’s parameter and displays a significant devia-
tion from the ΛCDM model.
1 Introduction
The inability of the standard theory of gravity to describe
various observational evidence has led to the need for ex-
tending the theory of general relativity (GR). The struc-
ture of extended theories of gravity provides a useful ap-
proach to alleviate the fundamental problems such as dark
matter (DM) and dark energy (DE) associated with the
standard model of GR [1, 2, 3].
One of the extended theories of gravity was proposed by
Rastall in 1972 [4, 5]. In his theory, Rastall assumed the vi-
olation of the conservation of energy-momentum tensor in
curved spacetime without dropping the Bianchi identities.
As the usual particle creation phenomenon violates the
energy-momentum conservation law, therefore, this the-
ory can also be regarded as a classical formulation of a
particle creation process [6, 7, 8, 9]. Rastall gravity is one
of the most promising non-conservative modified theory
of gravity supporting various cosmological and astrophys-
ical observations. Recently, it got a lot of attention in the
physics community [10, 11, 12, 13, 14]. For instance, this
theory fits well with observational data related to the age
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of the Universe, Hubble parameter and helium nucleosyn-
thesis [15, 16]. Further, this theory can possibly circum-
vent the entropy and age problems of standard cosmology
[17]. From Mach’s principle perspective, this theory is
more ‘Machian’ than the standard theory of GR [18].
It has been claimed by Visser in [19] that the theory
of Rastall gravity is completely equivalent to GR and fur-
ther supported by [20] from a thermodynamical perspec-
tive. However, this result has been recently denied by
[21, 22] leaving an open debate that whether this the-
ory is a modified gravity theory or it is equivalent to GR
with an additional modified matter content. Earlier, the
non-equivalence of Rastall gravity from GR has also been
pointed by Smalley in Ref. [23].
In Ref. [11] it has been shown that Rastall cosmology
is equivalent to the ΛCDM at both background and lin-
ear perturbation level except that DE cluster for the for-
mer model. The growth of matter perturbations provides
an efficient approach to predict the matter distribution
of the Universe and also to discriminate various gravita-
tional theories [24, 25]. One of the simple observational
tools used to study the growth history of a model is the
so-called growth index of matter perturbations (denoted
by γ) [26]. The accurate estimation of the growth in-
dex is one of the basic tasks from the cosmological point
of view as it can be used as a tool to test the validity
of GR on extragalactic scales. It is a usual procedure
that for each cosmological model, one requires to analyze
its background evolution and the growth index of matter
perturbations. This task helps one to get an overall effect
of the model at the cosmological and astrophysical level.
For instance, those DE models based on GR, the value of
the constant growth index can be reduced to that of the
ΛCDM model (i.e. γ = 611 ) irrespective of the choice of
model parameters. However, in the case of modified grav-
ity based models, the value shows a significant deviation
from 611 . Recently, there are various work in the literature
where an analytical form of the growth index for differ-
ent models are obtained which include the scalar field DE
[27, 28, 29], DGP[30, 31], f(R) gravity [32, 33, 34], Finsler-
Randers [35], time-varying vacuum models [36], clustered
DE [37], holographic DE [38] and f(T ) gravity [39].
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At the level of linear perturbation, it has been obtained
that the evolution equation of the growth of matter per-
turbations for Rastall based cosmological model coincides
with that of the ΛCDM model. Additionally, in the case
of Rastall model, DE perturbations cluster even if it is in
the vacuum energy form [11]. This might have a strong
impact on the value of the growth index, leading to inter-
esting cosmological signatures of the model which can be
tested with growth rate data. It is therefore interesting to
analyze the growth index of the Rastall model in order to
shed some light on the said debate.
With this motivation the aim of the paper is two-fold.
First, we analyze the dynamics of the Rastall model at the
background level using the dynamical system techniques.
The dynamical system analysis is performed in Sec. 3 to
qualitatively extract the evolution described by the basic
cosmological equations presented in Sec. 2. Secondly, we
investigate the behavior of this model at the linear pertur-
bation level in Sec. 4. For this we shall derive the growth
index of the Rastall model and then compare with that
of the ΛCDM in subsections 4.0.1 and 4.0.2. Finally, the
conclusion is given in Sec. 5.
2 Basic cosmological equations of
Rastall gravity
In this section, we briefly introduce the basic cosmological
equations of Rastall theory of gravity. In many gravita-
tional theories, the source of energy-momentum is deter-
mined by a vanishing divergence tensor, minimally coupled
to the geometry. However, in this theory, the usual conser-
vation law of the energy-momentum tensor is not satisfied,
instead, it is assumed to satisfy the following relation [4, 5]
Tµν;µ =
λ
8piG
R;ν , (1)
where semi-colon denotes the covariant derivative, G is
the Newton’s gravitational constant, Tµν is the energy-
momentum tensor and R is the Ricci scalar. Here, λ is
the coupling constant which measure the exchange of en-
ergy between geometry and matter field. When λ = 0,
one obtain a usual conservation law in GR. The modified
Einstein’s field equations in Rastall gravity framework are
given by
Gµν = 8piG
(
Tµν − γ˜ − 1
2
gµνT
)
, (2)
Tµν;µ =
γ˜ − 1
2
T ;ν , (3)
where T is the trace of the energy-momentum tensor and
γ˜ is the Rastall’s parameter which is related to λ as
γ˜ =
1 + 6λ
1 + 4λ
. (4)
Clearly, γ˜ = 1 corresponds to the GR case.
We now consider a two perfect fluid system consisting
of a pressureless matter with corresponding energy den-
sity ρm and an exotic component with energy density ρx
which accounts for acceleration of the universe and whose
equation of state (EoS) is wx. It is worth mentioning
here that an extra exotic fluid ρx behaving as a source
of DE is required similar to the GR case [11]. Further,
we assume that the matter component satisfies the usual
conservation law. Therefore, the modified Einstein’s field
equations (2)-(3) become
Gµν = 8piG
(
Tmµν + T
x
µν − γ˜ − 1
2
gµν(T
m + T x)
)
, (5)
Tµν;µ =
γ˜ − 1
2
(T ;νx + T
;ν
m ) , T
µν
m;µ = 0 , (6)
where index m denotes the matter component and x de-
notes the DE component.
At large scale, various observational data favor a ho-
mogeneous and isotropic universe which can be described
by a spatially flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric given by
ds2 = gµνdx
µdxν , (µ, ν = 0, 1, 2, 3) (7)
with gµν =diag (1,−a2(t),−a2(t) r2,−a2(t) r2 sin2 θ).
Here, a(t) is a scale factor and t denotes the cosmolog-
ical time. The above Einstein field equations (5), (6) with
respect to the metric (7) can be written as
H2 =
4piG
3
[
ρx (3− γ˜ − 3(1− γ˜)wx)
+(3− γ˜)ρm
]
, (8)
H˙ +H2 =
4piG
3
[
ρx (3(γ˜ − 2)wx − γ˜)− γ˜ρm
]
, (9)
ρ˙x + 3H(1 + wx)ρx =
γ˜ − 1
2
[
(1− 3wx)ρ˙x + ρ˙m
]
, (10)
ρ˙m + 3Hρm = 0 , (11)
where H = a˙a is the Hubble parameter and the overdot
denotes derivative with respect to t. On solving Eqs. (10)
and (11), one can obtain the evolution equation of ρm and
ρx as [13]
ρx = ρd0 a
− 6(1+wx)
2+(1−γ˜)(1−3wx) +
(1− γ˜)ρm0a−3
2wx + (γ˜ − 1)(1− 3wx) ,(12)
ρm = ρm0a
−3, (13)
where ρd0 is given by
ρd0 = ρx0 +
γ˜ − 1
2wx + (γ˜ − 1)(1− 3wx)ρm0. (14)
Eq. (12) shows that the energy density of an exotic fluid
consists of two components and one of them behaves as
DM. In the above equations ρm0, ρx0 and ρd0 denote the
present value of matter density, of an exotic fluid and of
a DE component of an exotic fluid. With the aid of (12),
2
(13) and (14), the Friedmann equation (8) can be written
as
E2(a) =
[(
A
2
Ωm0 +
B
2
Ωx0
)
a−
6(1+wx)
B + A
2
Ωm0a
−3
]
+ (3−γ˜)
2
Ωm0 a
−3 , (15)
where A =
B(γ˜ − 1)
2(wx + 1)−B , B = 2− (γ˜ − 1)(1− 3wx).
In the above equation, E(a) = H(a)H0 , Ωm0 =
8piGρm0
3H20
,
Ωx0 =
8piGρx0
3H20
and H0 is the present value of the Hubble
parameter. Note that the expression within the square
bracket of Eq. (15) denotes the energy contribution from
an exotic fluid with one of its components behaving as DM.
The term outside the square bracket denotes the contribu-
tion solely from a pressureless matter fluid. As expected,
for γ˜ = 1, the above equation reduces to the corresponding
GR case given by
E2GR(a) = Ωx0 a
−3(1+wx) + Ωm0 a−3 , (16)
with x-component playing the role of DE and m-
component plays the role of DM. On differentiating (15)
with respect to the scale factor, we obtain
d lnE
d ln a
= − 3 Ωm wx (2γ˜ − 3)
3γ˜ wx − γ˜ − 3wx + 3 . (17)
Further, from Eqs. (8) and (9), we can define the effec-
tive energy density and pressure as
peff =
ρx
2
(γ˜ − 1− wx(3γ˜ − 5)) + γ˜ − 1
2
ρm , (18)
ρeff =
ρx
2
(3− γ˜ − 3(1− γ˜)wx) + 3− γ˜
2
ρm . (19)
Then the effective EoS is given by
weff =
peff
ρeff
= −1 + 2
3− γ˜ [1 + (3− 2γ˜)wx Ωx]. (20)
For accelerated universe, we must have weff < − 13 . In
order to obtain a concrete picture on the background cos-
mological evolution described by this model, in the next
section, we shall perform a dynamical system analysis for
this model.
3 Dynamical system analysis of
Rastall model
In this section, we shall perform a complete dynamical
system analysis of the Rastall gravity based model, where
we introduce suitable dimensionless variables to recast the
cosmological equations (8)-(11) into an autonomous dy-
namical system. In this case, we choose the dimensionless
energy density parameters of matter and of an exotic fluid
given by
Ωm =
8piGρm
3H2
, Ωx =
8piGρx
3H2
, (21)
respectively, as the dynamical variables of the system
which are related by Eq. (8) as
Ωx(3− γ˜ − 3(1− γ˜)wx) + (3− γ˜)Ωm = 2. (22)
It may be noted that depending on the choice of parame-
ters γ˜ and wx, there is a possibility that either Ωm or Ωx or
both assume negative values. This feature usually arises
in cosmological models where a phenomenological interac-
tion between different components is present and it is also
related to an uncertainty in defining the relative energy
densities of the model [40]. Since in this Rastall cosmo-
logical model the exotic fluid ρx and matter fluid ρm can
be interpreted as effectively interacting quantities (cf. Eq.
(10)), it is therefore not surprising that Ωm or Ωx take
negative values. Further, it is important to note here that
the condition Ωx < 0 is actually obligated in several f(R)
theories in order to alleviate the coincidence problem and
also to match with the current observations [41]. While
one could argue that Ωm < 0 is physically unacceptable,
the present model demands this condition (cf. Eq. (22))
and discarding it may lead to incomplete dynamics. For
relevant recent work one can also see [42, 43]. Again, it
is interesting to observe that negative energy density does
not always imply phantom behavior in general (one can
see [40], [43]). For instance, in the present model, even if
negative energy density is allowed, it is possible that both
the DE component (x-component) and the overall behav-
ior is non-phantom i.e. wx > −1 and weff > −1. This
can be seen from Eq. (20) (for γ˜ = 32 , weff > −1 even if
Ωx < 0). As expected for γ˜ = 1, the relation (22) reduces
to that of the GR case i.e. Ωm + Ωx = 1.
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Figure 1: The phase portrait of the system (23) describing
the stability of critical points of the system. Here, γ˜ = 0.9
and wx = −1.
From the above constraint equation (22), it can be seen
that one of the dimensionless density parameters is lin-
early independent. Then the above governing cosmologi-
cal equations (8)-(11) can be recast into a following one-
dimensional system:
Ω′x =
3
2(γ˜ − 3)
(
3wxΩx
(
γ˜2 − 4Ωx + 3
)
+ 8γ˜wx Ωx
× (Ωx − 1)− Ωx(γ˜2 + 1) + 2γ˜(Ωx − 1) + 2
)
,(23)
where prime denotes a derivative with respect to a new
time variable N = ln a. The critical points for this one-
dimensional system are Ωx =
1
8wx (2 γ˜−3)
[
∆ ±
(
∆2 −
3
Wm
Wx
weff
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Figure 2: The evolution of the relative matter energy den-
sity Ωm, the relative DE density Ωx and effective EoS weff .
Here, γ˜ = 0.9 and wx = −1.
32wx(γ˜ − 1) (2γ˜ − 3)
) 1
2
]
where ∆ = −wx (2 γ˜ − 3)2 +
(γ˜ − 1)2 + γ˜ wx (γ˜ − 4). We denote these critical points
by C±. On linearizing Eq. (23) around critical points C+
and C−, one obtains small perturbations δ+, δ− respec-
tively as
δ′+ = λ+ δ+ ⇒ δ+(N) = δ¯+ expλ+N (24)
δ′− = λ− δ− ⇒ δ−(N) = δ¯− expλ−N (25)
where λ± = ± 32 (γ˜−3)
(
∆2−32wx(γ˜−1) (2γ˜−3)
) 1
2
. Here,
δ¯+, δ¯− denote the values of δ+, δ− when N = 0 respec-
tively. Therefore, for γ˜ > 3 case, the perturbation cor-
responds to critical point C+ increases exponentially, but
for C− the corresponding perturbation decreases exponen-
tially. The situation is vice versa for γ˜ < 3 case. Hence,
point C+ (point C−) corresponds to a stable (unstable)
node for γ˜ < 3 and unstable (stable) node for γ˜ > 3.
Therefore, the local stability of critical points of the sys-
tem undergoes an abrupt change as we vary γ˜ from a value
smaller than 3 to greater than 3. In particular, the two
critical points exchange their stability behavior as γ˜ passes
through a value γ˜ = 3. Hence, the system seems to un-
dergo a bifurcation similar to the so-called transcritical
bifurcation except that in the present scenario the critical
points of the system vanish at γ˜ = 3. This occurs due to
the fact that the system (23) blows up at γ˜ = 3 and there-
fore, we cannot extract any dynamics at the background
level using the present dynamical variables. Interestingly,
for γ˜ = 32 , we have checked that the above system con-
tains only one unstable critical point which corresponds
to a radiation dominated universe (weff =
1
3 ). However,
from Eq. (12) the case where wx = −1 and γ˜ = 32 is unde-
sirable as it leads to divergence of ρx. Further, it can be
seen that for γ˜ ' 1 and wx ' −1, point C+ corresponds
to Ωx ' 1 and point C− corresponds to Ωx ' 0. In gen-
eral, for γ˜ < 3 (except γ˜ = 32 ), point C+ corresponds to
a DE dominated universe and C− corresponds to a mat-
ter dominated universe (as Ωx for C+ dominates that of
C− and Ωm for C− dominates that of C+). Furthermore,
for γ˜ > 3, point C− corresponds to a DE dominated uni-
verse and C+ corresponds to a matter dominated universe.
Hence, irrespective of value of γ˜ this model describes the
late time transition of the universe from an unaccelerated
DM to an accelerated DE domination at the background
level. We have indeed checked that there are no other
critical points that are hidden towards an infinite regime
of Ωx. A particular case of the phase portrait for the sys-
tem (23) is given in Fig. 1 for γ˜ = 0.9, wx = −1. It is
also interesting to note that for wx = −1, the late time
attractor corresponds to weff = −1 for any choices of γ˜.
Thus, the background evolution of this model coincides
exactly with the ΛCDM model at late times, however the
evolution during the matter domination depends on the
value of the parameter γ˜. This behavior is depicted nu-
merically in Fig. 2 by plotting the evolution of the DE
and DM energy density parameters along with an effec-
tive EoS against redshift z (where 1+z = a0a and a0 is the
present value of scale factor taken to be 1). In the next
section, we shall analyze the behavior of this model at the
linear perturbation level and compare the evolution with
the ΛCDM model.
4 Analysis of growth index of mat-
ter perturbations
Here, we shall study the growth of linear matter fluctua-
tions of the present model in the matter dominated epoch.
We first present the evolution equation of the matter per-
turbations of first order within the sub-horizon scale, then
we study the evolution of growth index of matter pertur-
bations for this model. Following [11, 12], we consider the
perturbed metric with synchronous gauge given by
g¯µν = gµν + hµν , hµ0 = 0 , (26)
where g¯µν is the total metric and hµν is a small fluctuation
of a background metric gµν given by Eq. (7). For analysis
of growth index, we consider the following physical quan-
tities to be perturbed viz. the energy density and pressure
of an x-fluid (ρx, px), the energy density of a matter (ρm),
the four-velocity of an x-fluid and matter (ux, um) as
ρ¯x = ρx + δρx, ρ¯m = ρm + δρm, p¯x = px + δpx,
u¯x = ux + δux, u¯m = um + δum. (27)
The basic differential equation describing the evolution of
the matter overdensities δm defined as
δρm
ρm
is given by
δ¨m + 2νHδ˙m − 4piGµρmδm = 0 . (28)
In the above equation, the quantities ν and µ parametrizes
the deviation of any gravitational theory from GR. In the
case of DE models within the GR framework, we have µ =
ν = 1, however, in the case of modified gravity models, we
have ν = 1 and µ 6= 1. On using the perturbed metric
(26) in this model, we get
ν = 1 and µ = γ˜ + (γ˜ + 3(2− γ˜)wx) δx
δm
ρx
ρm
, (29)
4
where δx =
δρx
ρx
. For a detailed and complete perturbed
equations of this model, one can see [11, 12]. In order
to obtain the quantity µ, we first need to determine the
functional form of δxδm . For this we shall assume an adi-
abatic initial condition of density perturbation given by
[44, 45, 46, 47]
δρx
ρ˙x
=
δρm
ρ˙m
. (30)
The above adiabatic condition is defined without a prior
choice of the underlying gravitational theory [45], [46].
Further, we note that adiabatic condition is in agreement
with observations and simple inflationary models usually
predict adiabatic perturbations [48]. Using Eqs. (10),
(11), the condition (30) can be written as
δx
δm
=
γ˜−1
2
Ωm
Ωx
+ (1 + wx)
1 + 1−γ˜
2
(1− 3wx)
. (31)
Interestingly, for γ˜ = 1, we get the corresponding result
of GR [44] i.e.
δx
δm
= 1 + wx . (32)
On employing (31), we see that the evolution equation of
matter perturbations (28) for wx = −1, coincides with
that of the ΛCDM model irrespective of the choice of γ˜.
This is in agreement with the result obtained in [11]. The
only difference in this model in comparison to the ΛCDM
is that an extra relation which relates DE and DM per-
turbations arises which is given by [11]
δρx =
γ˜ − 1
2(3− 2γ˜)δρm. (33)
Therefore, DE clusters even though it is in the vacuum
energy form. This suggest that the parameter γ˜ might
somehow affect the behavior of the growth index. It worth
mentioning here that the condition (31) reduces to Eq.
(33) for wx = −1 and which is indeed consistent with a
full set of linear perturbation equations of this model pre-
sented in [11]. Note that in Eq. (33), the case γ˜ = 32 is
not feasible as discussed earlier. On employing the favor-
able choice of parameters values γ˜ ' 1.41, wx ' −1 and
Ωm ' 0.296 [12] on Eq. (31), we obtain δxδm ' 0.08 which
is in agreement with those predicted by previous studies
for clustered DE models [49]. Now, we shall focus on the
investigation of the growth index of matter perturbations
denoted by γ. In this regard, we consider a growth rate of
clustering f given by [26]
f(a) =
d ln δm
d ln a
' Ωγm(a) , (34)
where
Ωm(a) =
Ωm0 a
−3
E2(a)
. (35)
The growth index γ is used to distinguish a modified grav-
ity theory from the standard GR theory on cosmological
scales. On differentiating Eq. (35), one can obtain the
equation
dΩm
da
= −3Ωm(a)
a
(
1 +
2
3
d lnE
d ln a
)
. (36)
Using the first equality of (34), the Eq. (28) can be written
as
a
df
da
+
(
2ν +
d lnE
d ln a
)
f + f2 =
3µΩm
2
. (37)
In what follows, we analyze the behavior of growth index
γ for two cases separately.
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Figure 3: (a) The region in (wx, γ˜) parameter space where
the asymptotic value of growth index γ∞ is greater than
that of the ΛCDM model. The solid circle corresponds to
the ΛCDM model. (b) The evolution of γ∞ for Rastall’s
model as a function of γ˜ (in dashed curve). The solid line
corresponds to the ΛCDM model. (c) The relative differ-
ence ∆(γ∞) = [1− γ∞/γ(Λ)∞ ]% of the asymptotic value of
growth index for the Rastall’s model with respect to the
ΛCDM model. In (b) and (c), we have taken wx = −1.
4.0.1 Constant growth index
In this subsection, we consider the simplest choice of the
growth index i.e. the asymptotic value of growth index
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denoted by γ∞. An analytical approach for finding the
asymptotic growth index was developed by Steigerwald et
al. [50]. An application of an asymptotic value of growth
index to various class of DE models was discussed in [36].
Within an analytical method developed by Steigerwald et
al., the asymptotic value of growth index γ∞ is given by
γ∞ =
3(M0 +M1)− 2(H1 +N1)
2 + 2X1 + 3M0
, (38)
where the above quantities are defined as
M0 = µ|ω=Θ, M1 = dµ
dω
∣∣∣
ω=Θ
, N1 =
dν
dω
∣∣∣
ω=Θ
,
H1 = −X1
2
=
d(lnE/d ln a)
dω
∣∣∣
ω=Θ
, (39)
with ω = ln Ωm(a) and Θ = ln
(
2
3−γ˜
)
. It is worth men-
tioning that the growth index is determined within the
matter dominated epoch which corresponds to Ωx = 0.
According to relation (22), this corresponds to Ωm =
2
3−γ˜ .
After some algebraic calculations, based, on Eqs. (17),
(29), (31) we get
M0 =
2 (3 γ˜ wx + γ˜ − 3wx)
3 γ˜ wx − γ˜ − 3wx + 3 , N1 = 0 ,
M1 =
−2(1 + wx)(γ˜ − 3)(3γ˜wx − γ˜ − 6wx)
(3 γ˜ wx − γ˜ − 3wx + 3)2
,
H1 =
−6wx (2 γ˜ − 3)
(3− γ˜) (3 γ˜ wx − γ˜ − 3wx + 3) . (40)
Thus, the value of the asymptotic growth index γ∞ is given
by
γ∞ =
3wx(2 γ˜−3)(3 γ˜2wx−γ˜2−12 γ˜ wx+14 γ˜−3wx−33)
(12 γ˜2wx+2 γ˜2−72 γ˜ wx−3 γ˜+72wx−9)(3 γ˜ wx−γ˜−3wx+3) .
(41)
For wx = −1, we get γ∞ = 3(γ˜−5)5γ˜−27 , which interestingly
depends on γ˜ even though the evolution equation for mat-
ter perturbations (i.e. Eq. (28)) coincides with the cor-
responding equation for the standard ΛCDM model. As
expected, the above formula reduces to its standard value
for ΛCDM model i.e γ
(Λ)
∞ = 611 for γ˜ = 1 and wx = −1.
In Fig. 3(a), we plot the region in the (wx, γ˜) parameter
space where the asymptotic value of growth index γ∞ is
greater than that of the ΛCDM model [i.e. γ
(Λ)
∞ = 611 ]. In
Fig. 3(b), we plot the asymptotic value of growth index
as a function of a parameter γ˜ for wx = −1. It can be
concluded that when wx = −1, the value of γ∞ for this
model is greater than that of ΛCDM for γ˜ < 1 or γ˜ > 275 .
The relative deviation of γ∞ for this model with respect
to the ΛCDM model as a function of γ˜ is given in Fig.
3(c).
Further, by using the favorable choice of parameters val-
ues γ˜ = 1.41, wx = −1 and Ωm0 = 0.296 [12], we obtain
γ∞ = 0.5304. Therefore, we see that the asymptotic value
of growth index γ∞ of this model is somewhat smaller than
that of the ΛCDM model by approximately 3%. This is ex-
pected as the agglomerations of DE perturbations usually
lowers the value of the growth index [51]. It has been also
observed that a redshift dependent parametrization of γ
can provide a more accurate fit for the growth rate of mat-
ter clustering in comparison to a constant parametriza-
tion. Further, the variation of the growth index may
contain crucial information about the underlying gravi-
tational theory. In what follows, we, therefore, analyze
the evolution of a time-dependent growth index.
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Figure 4: The evolution of γ(z) as a function of redshift z
for Rastall’s model (red and blue) and the ΛCDM model
(black) with γ˜ = 0.89 in panel (a) and γ˜ = 1.41 in panel
(b). In panel (c) we plot the relative difference ∆(γ∞) =
[1 − γ(z)/γ(Λ)(z)]% of the varying growth index for the
Rastall’s model with respect to the ΛCDM model for γ˜ =
1.41 and 0.89.
4.0.2 Varying growth index
Another possibility is the choice of the growth index γ
which changes with redshift. In this case, we utilize the
method of Polarski and Gannouji [52]. On substituting
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Eq. (34) in Eq. (37) and employing Eq. (36) we get
a ln(Ωm)
dγ
da
+Ωγm−3
(
γ− 1
2
)(
1+
2
3
d lnE
d ln a
)
+
1
2
− 3
2
µΩ1−γm = 0 .
(42)
Evaluating the above equation at the present time which
corresponds to a redshift z = 0 (i.e. a = 1) we get
−γ′(1) ln Ωm0 + Ωγ(1)0 − 3
(
γ(1)− 1
2
)(
1 +
2
3
d lnE
d ln a
)
a=1
+
1
2
− 3
2
µ0 Ω
1−γ(1)
m0 = 0 , (43)
where
µ0 = µ(1) ' γ˜ + (γ˜ + 3(2− γ˜)wx)(
γ˜−1
2
Ωm0
Ωx0
+ (1 + wx)
1 + 1−γ˜
2
(1− 3wx)
)(
Ωx0
Ωm0
)
, (44)
d lnE
d ln a
∣∣∣∣∣
a=1
= − 3 Ωm0 wx (2γ˜ − 3)
3γ˜ wx − γ˜ − 3wx + 3 . (45)
In this work, we consider an approximated solution of Eq.
(42) expressed as a first order Taylor’s expansion about the
present epoch i.e. a(z) = 1 given by
γ(a) = γ0 + γ1(1− a). (46)
For large redshift (z  1) i.e. a(z) ' 0, we denote the
asymptotic growth index by γ∞, so that γ∞ ' γ0 + γ1
where γ(1) = γ0. Using Eqs. (43), (45) and (46), one can
expressed γ1 in terms of γ0 as
γ1 =
1
ln Ωm0
[
Ωγ0m0 − 3
(
γ0 − 1
2
)(
1− 2 Ωm0 wx (2γ˜ − 3)
3γ˜ wx − γ˜ − 3wx + 3
)
−3
2
µ0Ω
1−γ0
m0 +
1
2
]
. (47)
Finally, substituting γ0 = γ∞ − γ1, in Eq. (47) and em-
ploying the expression of γ∞ from Eq. (41), we can express
γ0 and γ1 in terms of Ωm0, γ˜ and wx. Note that for vari-
ous class of models within GR, we have |γ1(z = 0)| . 0.02.
However, this value can be greater in models outside the
GR framework [53]. Here, if we use parameters values
γ˜ = 0.89, wx = −1 and Ωm0 = 0.296, then we obtain
(γ0, γ1) = (0.571,−0.024). However, if we use parame-
ters values γ˜ = 1.41, wx = −1 and Ωm0 = 0.296, then
we obtain (γ0, γ1) = (0.458,−0.054). Also, for ΛCDM
model where γ˜ = 1, wx = −1 and Ωm0 = 0.3, we have
(γ0, γ1) = (0.556,−0.011). In Figs. 4(a) and 4(b), we
present a comparison of a varying growth index of this
model and the ΛCDM model for (γ˜, wx) = (0.89,−1) and
(1.41,−1) respectively. It can be seen that for γ˜ = 0.89,
the evolution of growth index is greater than that of
ΛCDM model for smaller redshift and approaches the
ΛCDM for large redshift. However, for a favourable choice
of model parameters i.e. γ˜ = 1.41, wx ' −1, we see that
the growth index is smaller than that of the ΛCDM model
throughout the evolutionary history of the universe and ul-
timately approach to that of the ΛCDM (see Fig. 4(b)).
From Fig. 4(c) it can be also seen that at the present
epoch, the growth index of this model is smaller than the
ΛCDM by about 18%. Hence, it is interesting to note here
that for wx = −1, even though evolution of matter per-
turbations coincides with that of the ΛCDM, however the
evolution of the growth index varies from the ΛCDM for
different values of γ˜. Therefore, one need to impose tight
constraints on the parameter γ˜, in order to test possible
deviations of this theory from GR.
5 Conclusion
In the present work, motivated by an open debate on
the comparison between Rastall gravity (with the vacuum
form of DE) and GR, we analyze the behaviour of the
Rastall’s cosmological model at the background and linear
perturbation level. At the background level, this model
shows no deviation from the ΛCDM model at late time
irrespective of the value of Rastall’s parameter γ˜. How-
ever, at the level of linear perturbation, we observed that
even though the evolution equation of the matter over-
densities for this model coincides with that of the ΛCDM,
the constant value of growth index of matter perturbations
shows significant deviation from the ΛCDM. Furthermore,
we obtained that the varying growth index is smaller than
the corresponding case of the ΛCDM for γ˜ > 1. In partic-
ular, for best-fit parameters values, we obtained that the
asymptotic value of the growth index is about 3% smaller
than the ΛCDM, but the varying growth index is about
18% smaller than the ΛCDM at the present epoch. There-
fore, the growth index value is outside the range of GR
based DE models. Although we do not perform an exhaus-
tive study of the Rastall model, the results of the present
work, indeed shed some light on the non-equivalence of
Rastall gravity and GR. Further, the smaller value of the
growth index for this model is also expected due to the
presence of DE perturbations. The influence of DE per-
turbations on the behaviour of the growth index is cru-
cial, particularly in the light of future generation surveys
to test the existence of DE perturbations in the observed
Universe [54]. Moreover, the agglomeration of DE per-
turbations may influence the early structure formation at
the level of galaxies and cluster of galaxies [11]. The re-
sults obtained here also signify the possible deviation of
the present model from the ΛCDM at the nonlinear regime
of cosmic perturbations as claimed in Ref. [11]. A deeper
analysis along this line is a subject of future work to fur-
ther test the viability of Rastall theory in comparison to
GR with upcoming precise observational data.
Acknowledgments
JD was supported by the Core research grant of
SERB, Department of Science and Technology India (File
No.CRG/2018/001035) and the Associate program of IU-
7
CAA. The authors thank the referee for constructive sug-
gestions which lead to the improvement of the work.
References
[1] T. Clifton, P. G Ferreira, A. Padilla, C. Skordis, Phys. Rept.
513 (2012) 1-189.
[2] C. M. Will, Living. Rev. Relativ. 17 (2014) 4.
[3] S. Nojiri, S. D. Odintsov, V. K. Oikonomou, Phys. Rept. 692
(2017) 1.
[4] P. Rastall, Phys. Rev. D 6 (1972) 3357.
[5] P. Rastall, Can. J. Phys. 54 (1976) 66.
[6] L. Parker, Phys. Rev. Lett. 21 (1968) 562.
[7] L. Parker, Phys. Rev. D 183 (1969) 1057.
[8] L. Parker, Phys. Rev. D 3 (1971) 346.
[9] G. W. Gibbons, S. W. Hawking, Phys. Rev. D 15 (1977) 2738.
[10] C. E. M. Batista, J. C. Fabris, M. H. Daouda, Nuovo Cim. B
125 (2010) 957.
[11] C. E. M. Batista, M. H. Daouda, J. C. Fabris, O. F. Piattella,
D. C. Rodrigues, Phys. Rev. D 85 (2012) 084008.
[12] C. E. M. Batista, J. C. Fabris, O. F. Piattella, A. M. Velasquez-
Toribio, Eur. Phys. J. C 73 (2013) 2425.
[13] K. A. Bronnikov, J. C. Fabris, O. F. Piattella, D. C. Rodrigues,
Eur. Phys. J. C 77 (2017) 409.
[14] Y. Heydarzade, F. Darabi, Phys. Lett. B 771 (2017) 365.
[15] A. S. Al-Rawaf, O. M. Taha, Phys. Lett. B 366 (1996) 69.
[16] A. S. Al-Rawaf, Int. J. Mod. Phys. D 14 (2005) 1941.
[17] J.C. Fabris, R. Kerner, J. Tossa, Int. J. Mod. Phys. D 9 (2000)
111.
[18] V. Majernik, L. Richterek, [gr-qc/0610070] (2006).
[19] M. Visser, Phys. Lett. B 782 (2018) 83.
[20] D. Das, S. Dutta, S. Chakraborty, Eur. Phys. J. C 78 (2018)
810.
[21] F. Darabi, H. Moradpour, I. Licata, Y. Heydarzade, C. Corda,
Eur. Phys. J. C 78 (2018) 25.
[22] S. Hansraj, A. Banerjee, P. Channuie, Ann. of Phys. 400 (2019)
320-345.
[23] L. L. Smalley, J. Phys. A Math. Gen. 16 (1983) 2179.
[24] T. Okumura, et al., Publ. Astron. Soc. Jpn 68 (2016) 38.
[25] M. Ishak, Living Rev. Rel. 22 (2019) 1.
[26] P. J. E. Peebles, Principles of Physical Cosmology, Princeton
University, Princeton, NJ (1993).
[27] V. Silveira, I. Waga, Phys. Rev. D 50 (1994) 4890.
[28] L. M. Wang, P. J. Steinhardt, Astrophys. J. 508 (1998) 483.
[29] S. Nesseris, L. Perivolaropoulos, Phys. Rev. D 77 (2008)
023504.
[30] A. Lue, R. Scoccimarro, G. D. Starkman, Phys. Rev. D 69
(2004) 124015.
[31] Y. Gong, Phys. Rev. D 78 (2008) 123010.
[32] R. Gannouji, B. Moraes, D. Polarski, J. Cosmol. Astropart.
Phys. 02 (2009) 034.
[33] S. Tsujikawa, R. Gannouji, B. Moraes, D. Polarski, Phys. Rev.
D 80 (2009) 084044.
[34] L. Boubekeur, E. Giusarma, O. Mena, H. Ramrez, Phys. Rev.
D 90 (2014) 103512.
[35] S. Basilakos, P. Stavrinos, Phys. Rev. D 87 (2013) 043506.
[36] S. Basilakos, J. Sola, Phys. Rev. D 92 (2015) 123501.
[37] A. Mehrabi, S. Basilakos, F. Pace, Mon. Not. R. Astron. Soc.
452 (2015) 2930.
[38] A. Mehrabi, S. Basilakos, M. Malekjani, Z. Davari, Phys. Rev.
D 92 (2015) 123513.
[39] S. Basilakos, Phys. Rev. D 93 (2016) 083007.
[40] M. Quartin, M. O. Calvao, S. E. Joras, R. R. Reis, I. Waga,
J. Cosmol. Astropart. Phys. 0805 (2008) 007.
[41] J. D. Barrow, T. Clifton, Phys. Rev. D 73 (2006) 103520.
[42] H. Zonunmawia, W. Khyllep, N. Roy, J. Dutta, N. Tamanini,
Phys. Rev. D 96 (2017) 083527.
[43] J. Dutta, W. Khyllep, E. N. Saridakis, N. Tamanini,
S. Vagnozzi, J. Cosmol. Astropart. Phys. 1802 (2018) 041.
[44] G. Ballesteros, A. Riotto, Phys. Lett. B 668 (2008) 171.
[45] A. R. Liddle, D. H. Lyth, Cosmological inflation and large-
scale structure, Univ. Pr., 2002. Cambridge, UK; 400 p.
[46] D. Baumann, Cosmology (2018),
http://cosmology.amsterdam/education/cosmology/
[47] L. Amendola and S. Tsujikawa, Dark Energy Theory and Ob-
servations, Cambridge University Press, Cambridge, England
(2010).
[48] C. B. Netterfield et al. [Boomerang Collaboration], Astrophys.
J. 571 (2002) 604.
[49] S. Basilakos, Mon. Not. Roy. Astron. Soc. 449 (2015) 2151.
[50] H. Steigerwald, J. Bel, C. Marinoni, J. Cosmol. Astropart.
Phys. 05 (2014) 042.
[51] R. C. Batista, Phys. Rev. D 89 (2014) 123508.
[52] D. Polarski, R. Gannouji, Phys. Lett. B 660 (2008) 439.
[53] R. Gannouji, D. Polarski, J. Cosmol. Astropart. Phys. 0805
(2008) 018.
[54] D. Sapone, E. Majerotto, M. Kunz, B. Garilli, Phys. Rev. D
88 (2013) 043503.
8
